RIGIDITY RESULTS FOR SOME 
BOUNDARY QUASILINEAR PHASE TRANSITIONS 



YANNICK SIRE AND ENRICO VALDINOCI 

Abstract. We consider a quasilinear equation given in the half-space, i.e. a so called 
boundary reaction problem. Our concerns are a geometric Poincare inequality and, as 
a byproduct of this inequality, a result on the symmetry of low-dimensional bounded 
stable solutions, under some suitable assumptions on the nonlincarities. More precisely, 
we analyze the following boundary problem 

-div (a(x, |Vu|)Vu) + g{x, u) = on M" x (0, +00) 
-aix, \Vu\)u^ = f{u) on K" x {0} 

under some natural assumptions on the diffusion coefficient a{x, |Vu|) and the nonlincari- 
ties / and g. 

Here, u = u{y,x), with y E M" and x E (0, +cxd). This type of PDE can be seen as a 
nonlocal problem on the boundary SK"'*'^. The assumptions on a{x, |Vu|) allow to treat 
in a unified way the p— laplacian and the minimal surface operators. 
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1. Introduction 

The purpose of this paper is to give some geometric results on the following problem: 

, . (-div{a{x,\Vu\)Vu) + g{x,u) =0 on R*" x (0, -f 00) 

^ ' \ -a{x,\Vu\)u^ = f{u) onM"x{0}. 

Here, u = u{y,x), with y G M" and x G (0,-|-cx)). Equation f 1 1.11) is a boundary problem. 
This type of system is a model for nonlocal operators. For instance, when g = and 
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a(x, |Vm|) = with a G (—1,1), it has been proved by |CS07] that the Dirichlet-to- 
Neumann operator 



r : uLmn+l I— > —X°'U 



X 



is the fractional laplacian (— A)^~. In |SV08j . a symmetry result for bounded stable 
solutions of semilinear equations involving this operator was given. 

Unfortunately, a theory describing the boundary operator for problem (11.11) is not yet 
available. However, in virtue of the results by [CS07j . one could interpret the operator on 
the boundary as a nonlocal quasilinear operator. 

In this paper, we develop a geometric analysis of the level sets of stable solutions of (11.11) 

and we prove a symmetry result inspired by a conjecture of De Giorgi [DG79] . 

We want to give a geometric insight of the phase transitions for equation (II. ip . Our goal is 

to give a geometric proof of the one-dimensional symmetry result for boundary reactions in 

dimension n = 2, inspired by De Giorgi conjecture and in the spirit of the proof of Bernstein 

Theorem given in |Giu84] and applied in the case of boundary reactions in [SV08j . 

We focus on problem (II. ip under the following structural assumptions (denoted (5*)): 

• The function a maps (0, +oo) x (0, +oo) into (0, +oo) and 

lim ta(., t) = 0. 

• The map t i— > a(., t) is C^(0, +oo) and 

(1.2) t\atix,t)\ <Ca{x,t) 

for any x, t > 0, for some constant C > 0. 

• The map x i— > a{x, .) is in L^((0,r)), for any r > and bounded over all open sets 
compactly contained in M""*"^, i.e. for all K d W^^, there exists /ii, > 0, possibly 
depending on K, such that fii < a{x, t) < H2, for any x & K and for < t < M. 

Also, the function x t— > a{x, .) is an A2-Muckenhoupt weight, that is, there exists 
K > such that 

(1.3) / a{x,t)dx [ — dx < K{d — cf 

Jc Jc a{x,t) 

for any d > c> and for all < t < M. 

• The map (0, -|-cxd) 3 x ^ g{x, 0) belongs to L°°((0, r)) for any r > 0. Also, for any 
a; > 0, the map M 9 m g{x, u) is locally Lipschitz, and given any i?, M > there 
exists C > 0, possibly depending on R and M in such a way that 

(1.4) sup \gu{x,u)\ < C. 

0<x<R 

\u\<M 

• The function / is locally Lipschitz in M. 



Equation (II. ip may be understood in the weak sense, namely supposing that u G Lj^j,(]R"^^), 
with 



;i.5) a{x,\Vu\)\Vu\^ e L\B 
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for any R> 0, and thatS 



(1.6) / a{x,\Vu\)Vu-V^+ g(x,u)^= /(n)^ 

for any ^ : R which is bounded, focally Lipschitz in the interior of M"'^^, which 

vanishes on M.^^ \ Br and such that 

(1.7) a{xAVu\)\Vi\^eL\Bl). 

As usual, we are using here the notation B^ := Br fl M"^^. 

Consider now the map S : IR+ x R"+i\ {0} Mat((n + 1) x (n + 1)) defined by 



af(x, 


\v\) 




\v\ 





[1.8) B{x, ri)ij := a{x, \r]\)6ij H 77^77^ 



for any 1 < i,j < n + 1, where at stands for the derivative of a{x,t) with respect to its 

second variable. 

A direct computation gives 

(1.9) -^a(x, I Vm + e\/(p\)(Vu + eVy?) ■ Vy?L=o =< B(x, VuWip, > 
de 

for any smooth test function Lp, any function u with nonvanishing gradient and where <, > 
stands for the canonical inner product in R"+^. 
Inspired by (11. 9p . it is tempting to say that u is stable if 

(1.10) v < B{x, vm) ve, ve > + V gu{x, u)e - nu)e > 

for any ^ as above. The above notion of stability (sometimes also called semistability 
because of the large inequahty) condition in fll.lOj) appears naturally in the calculus of 
variations setting and it is usually related to minimization and monotonicity properties. In 
particular, (II. 9p and fll.lOp state that the (formal) second variation of the energy functional 
associated to the equation has a sign (see, e.g., |MP78t IFCS80[ lAACOl] and Section 7 
of |FSV07j for further details). 

In our case, however, it is convenient to relax this definition of stability. Namely, we say 
that u is stable if (11. 101) holds for any ^ of the form '■= |VyM|0, where (p • R"^"*^ ^ R is 
Lipschitz and vanishes on R"^^ \ Br. 

This relaxation of the stability definition is convenient for our setting, since it makes possible 
to write (11. 101) when / is only locally Lipschitz and not necessarily differentiable. 
Indeed, since the map y i— > u{y,x) will be taken to be locally Lipschitz (see (11.121) below), 
then so is the map y ^-^ f{u{y,x)) and therefore 

f'iu)e = Vy{f{u))-VyUcf)' 

is well-defined almost everywhere, making sense of the last term in (ll.lOp . 

The regularity assumption we take on u (see, in particular, (II. 5p and (11.171) ) make the first 

term in (11.101) well-posed too. 

The main results we prove are a geometric formula, of Poincare-type, given in Theorem 1 1.1| 
and a symmetry result, given in Theorem 11.21 



^Condition (|1.5p is assumed here to make sense of (|1.6p . We will see in the forthcoming Lemma | 
that it is always uniformly fulfilled when u is bounded and for a weight a satisfying natural structural 
assumptions. 

The structural assumptions on g may be easily checked when g(x,u) has the product-like form of 
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For our geometric result, we need to recall the following notation. Fixed a; > and c G M, 
we look at the level set 

S := {ye s.t. u{y,x) = c}. 
We will consider the regular points of S, that is, we define 

L:={yeS s.t. Vyu{y,x) ^ 0}. 

Note that L depends on the x G (0, +oo) that we fixed at the beginning, though we do not 
keep explicit track of this in the notation. 

For any point ?/ G L, we let Vl to be the tangential gradient along L, that is, for any yo e L 
and any G : M" — > M smooth in the vicinity of yo, we set 

Vyu{yo,x) \ Vyu{yo,x) 



(1.11) v.G(.„) :^ v,My.) - [v,Gi,., 

Since L is a smooth manifold, in virtue of the Implicit Function Theorem (and of the 
standard elliptic regularity of u apart from the boundary of R"^^), we can define the 
principal curvatures on it, denoted by 

for any y e L. We will then define the total curvature 



n-l 



\ i=i 



lC{y,x) :-- 
We also define 

7^:^+l := G M" X (0,+cx)) s.t. S/yu{y,x) ^ 0}. 

With this notation, we can state our geometric formula: 

Theorem 1.1. Assume that u is a hounded and stable weak solution of f ll.ip under as- 
sumptions (5). 
Assume furthermore that 

• For all r > 0, 

(1.12) \VyU\ G L°°(5+). 

• For every {y, x) G f] {Vu 7^ 0}, we have 

(1.13) a(r 
and 

(1.14) a{x, \Vu\) + ^''7^ "^" |V^m|^ > \{y,x) > 



af(x, 






Vu 





at{x, 


Vu\) 




Vu 





for some X{y, x). 
Assume also the following regularity assumptions: 



IS m W, 



for almost any x > 0, the map MJ^ 3 y Vu{y^ x) 



loc 



the map 3 (y, x) ^ a{x, \Vu\) YJ^ (|Vm,/ + 

^l.loj 

is in L {B^), for any r > 
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and 

the map M"^ 3 {y, x) a{x, 
is in L}{B^), for any r > 0. 

Then, for any R> and any (p : W^^^ M which is Lipschitz and vanishes on M"^"*^ \ B^, 
we have that 



:i.i8) 



J ^^^^ 02 (^a(x, |VM|)/C2|Vj,Mp + A(y,x)|VL|Vj^M|f) < 
/ \Vyu\'^ < B{x,Vu)V(j),V(j)> . 



Assumption (11.121) is natural and it holds in particular in the case g := 0, a{x, t) = where 
a G (—1,1), as discussed in |SV08j (in many cases of interest, interior elliptic regularity 
then ensures for free that u is inside R^"*"^ and as soon as the gradient does not 
vanish). It is important to notice that assumptions fll.lSp and (11.141) hold in the important 
case of the p— laplace operator (i.e. a{x,t) = t^'^, for p > 1), and in the case of the mean 
curvature operator (i.e. a{x,t) = -^7=f). 

The regularity assumptions in (ll.lSp , (I1.16P and (11.171) are satisfied in many cases of interest 
(see, for instance Lemma [5.21 b elow) . 

The result in Theorem 11.11 has been deeply inspired by the work of |SZ98a| ISZ98b] , where 
related geometric inequalities have been first introduced for the AUen-Cahn equation. Fur- 
ther progress has been done in |Far02l IFSVOTj for reactions in the interior and in |SV08] 
for reactions on the boundary. 

The advantage of formula (11.181) is that one bounds tangential gradients and curvatures of 
level sets of stable solutions in terms of the gradient of the solution itself. That is, suitable 
geometric quantities of interest are controlled by an appropriate energy term. 
On the other hand, since the geometric formula bounds a weighted L^-norm of any test 
function by a weighted L^-norm of its gradient, we may consider Theorem 11.11 as a 
weighted Poincare inequality. Again, the advantage of such a formula is that the weights 
have a neat geometric interpretation. See also |FV08j for further investigation of Poincare- 
type formulas. 

The second result we present is a symmetry result in low dimension. 

Theorem 1.2. Assume thatn = 2 and that the assumptions in Theorem \l.l\ hold. Suppose 
also that X{y, x) in (I1.14p is strictly positive almost everywhere. Suppose also that one of 
the following conditions (I1.19P or (ll.20p hold, namely assume that either for any M > 

(1.19) the map {0, +oo) 3 X sup \g{x,u)\ is in L^{{0, +oo)) 

\u\<M 

or that 

(1.20) inf g{x,u)u > 0. 

Assume that the diffusion coefficient a{., .) has a product structure given by 

a{x, t) = fj,{x)A{t), 

where 
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(1.21) 




(1.22) 



Ae L°°(M+,M+) 



or 




and Mo : R X [0, +oo) — > R such that 
u{y,x) = Uo{uj{x) ■ y,x) 



for any {y,x) G M.^. 

The paper |CSM05] gave the first contribution to symmetry result for boundary reaction 
PDEs. In particular, |CSM05] gave a result analogous to Theorem 11.21 when fi := 1, g := 
and / G C^'^. In |SV08j . a result analogous to Theorem 11.21 was given when a{x,t) = a{x), 
that is when a is independent on the gradient term. In this sense, Theorem II .21 extends the 
results of |CSM05l ISVOSj to quasilinear, possibly degenerate or singular, equations (in fact, 
when a{x,t) := x°' and g := 0, then uj in Theorem 11.21 is constant, see |SV08] ). 
We now discuss the assumptions of Theorem 1 1.2[ First, the assumptions on A are realized 
for mean curvature operators, for which A(t) = "yj=p^; which satisfies (11.221) and for p- 
laplace operators, for which A{t) = t^^^, when p > I + a, which fulfills (ll.23p . 
The structural assumption on ^{x) is natural in the light of the representation formula ob- 
tained in |CS07j which relates boundary reactions to fractional operator (see also |SV08j ): in 
this sense, the operator studied here may be seen as a quasilinear analogue of the fractional 
laplacian. 

Theorem 11.21 asserts that, for any x > 0, the function R^ 9 ?/ i-^ u{y, x) depends only on one 
variable. Thus, Theorem 1 1 . 2 1 may be seen as the analogue of De Giorgi conjecture of [DG79j 
in dimension n = 2 for equation (11.11) . 

Condition (11.191) is fulfilled by g := 0, or, more generally, by g := g^^\x)g'^'^\u), with g^^^ 
summable over R"*" and g^'^^ locally Lipschitz. Also, condition (ll.20p is fulfilled by g := m^^"*"^, 
with i eN. 

When u is not bounded, the claim of Theorem 11.21 does not, in general, hold (a counterex- 
ample being a := 1, / := 0, := and u{yi,y2,x) := yf - yfj. 

Theorem 14 . 2 1 b elow will also provide a result, slightly more general than Theorem 1 1.2 1 which 
will be valid for n > 2 and without conditions (11.191) or (ll.2Up . under an additional energy 
assumption. 

The rest of the paper is devoted to the proofs of Theorems 11.11 and 11.21 For this, some 
preliminary energy estimate will also be needed. 



2. Some energy bounds 



This section is devoted to some preliminary energy estimate, which are needed for the proof 
of Theorem II. 2[ 

Thus, throughout this section, the structural assumptions of Theorem 11.21 are in force. 
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We recall that 

(2.1) a{x,\Vu\)uleL\B^) 

for any R> 0, due to (II. Sp . 

We start with an elementary observation: 

Lemma 2.1. There exists C > in such a way that 

(2.2) f /i(x) < 

for any R> 1 and a G (—1, 1). 



Proof. We have that 



< / fi{x)dydx 

B+^\B+ Jo JB^a 

i'2R 

< Cii?" / fi{x)dx 

Jo 



< C2K 

for suitable Ci, C2 > 0, due to ffT^ . ■ 

Though not explicitly needed here, we would like to point out that the natural integrability 
condition in (11. 5p holds uniformly for bounded solutions. A byproduct of this gives an 
energy estimate, which we will use in the proof of Theorem 11.21 

Lemma 2.2. For any R> there exists C, possibly depending on R, in such a way that 

(2.3) ||/i(x)^(|v«|)|v«nL.(^+)<a 

Moreover, if 

• n = 2, and 

• either ffTTOD or fOOj) holds, 
then there exists Co > such that 

(2.4) j ^ (^a{x, |Vm|) + \at{x, |Vm|)| |Vm|) |Vm|2 < CoR"^ 
for any R> 1. 

Proof. We focus on the proof of (12.41) . since (12. 3p is a simple byproduct of the arguments 
we are going to perform. 

The proof of Lemma 12.21 consists in testing the weak formulation in (II. 6p with ^ := ut^ 
where r is a cutoff function such that < r e C^{B2r), with r = 1 in and |Vr| <8/R, 
with R> 1. The parameter i > 1 will be suitably chosen below. 
Note that such a is admissible, since (I1.7P follows from (II. 5p . 
One then gets from (ll.6p that 



/ a(x, |Vm|) (|Vm|V^ + £/~^mVm- Vr) + / g{x, 



U]UT 



(2.5) = / f{u)uT\ 

We now distinguish the case in which (11.220 holds from the case in which (I1.23P holds. 
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If f ll.22p holds, we take £ = 2. Thus, by Cauchy-Schwarz inequahty, we deduce from (12 .Sp 
that 

fi{x)A{\Vu\) |Vu|V2 < 1 /" ^(a;)^(|VM|) |Vu|V 



+Cj [ fiix)Ai\Vu\)\VT\' + [ \f{u)\\u\TA- [ gix, 



U) U 



for a suitable constant > 0. 

This, recalling ([I2D, fO^ . (fT^ . (fT^ and ([22]), plainly gives (1^ . 
If, on the other hand, (I1.23P holds, we take I = "p. Therefore,we have 

/ /i(x)^(|VM|) |Vn| V ~ / /i(x) |Vu|PrP. 

Recalhng ([23]) and using (fTTOD . ([L20]), ([22]), one has 

/ |Vu|VP < C| / ;u(x)|VM|^'-^|Vr|r^-i + i?"|. 

Thus, by Young inequality, we conclude that 

I fi{x)\Vu\PTP <c\e [ \ fiixY/^lVul^-^P-^y + 



Ce [ ^(x)|Vr|P + i?" 



for some e > and q = 

Making use of (I2.2p . this leads to 



This gives the desired result as soon as p > 1 + a. ■ 

3. The Poincare-type formula: proof of Theorem 11.11 

This section is devoted to the proof of the geometric formula in Theorem 11.11 As we will 
see throughout the proof, the assumptions in Theorem 11.11 are natural and quite general. 
Besides few technicalities, the proof of Theorem 11.11 consists in plugging the right test 
function in stability condition (ll.lOp and in using the linearization of (ll.ip to get rid of the 
unpleasant terms. Following are the rigorous details of the proof. 
By (II. sp . we have that 



/ a(x, |Vu|)Vm ■ 
(3.1) -/ a{x,\Vu\)Vuy^-V^ + at{x,\Vu\) — — ^Vm ■ ^ 



a(x, \Vu\}Vuy. ■ V* + at{x, \Vu\] 
< B{x, Vu)Vuy^,^ > . 

oo/Tipn+l Trpn."! 



for any j = 1, . . . , n and any \I' G C°^(]R"+ , M") supported in Br. 
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Making use of (11 .6^ and (13.11) with \E' := Vip, we conclude that 



! 



n+1 



n + 1 ' 

-I- 



(3.2) 

g{X,U)lPy^ + I f{u)lPy. 



n+1 



< B{x,Vu)Vuy^,V^lj > 



for any j = 1, . . . , n and any -ip G C°°(M"'''^) supported in Br. 

A density argument (see, e.g., Lemma 3.4, Theorem 2.4 and (2.9) in |CPSC94] ) via (11.21) 
and (I1.16p . imphes that (13.21) holds for ip := Uy.(f)'^, where is as in the statement of 
Theorem II. H therefore 

= / < B{x, Vu)Vuy^,Vuy^ > 0^+ < B{x, Vu)Vuy^,V(f)'^ > Uy^ + 

(3.3) -^^^ . ^ 

/ gu{x,u)ul.(f)^ - / f'{u)ul^(f. 

Let now r, p > and P E M"+^ be such that Br+p{P) C M"+\ We consider 7 to be 
either \Vyu\ or Uy.. In force of (I1.16P and (I1.17p . we see that 7 is in W^''^{Br{P)), and so 
in <'J(5,(P)). ■ 

Thus, by Stampacchia Theorem (see, e.g.. Theorem 6.19 in |LL97] ). V7 = for almost 
any (y, x) G Br{P) such that ■j{y) = 0. 

Hence, since P, r and p can be chosen arbitrarily, we have that 

(3.4) V|Vyu| = = Vuy^ for almost every {y,x) such that Vyu{y,x) = 0. 
By (IS3D and ([S3D, we obtain 

= / < B{X, Vu)VUy^,VUy^ > 4>^+ < B{X, Vu)VUy^,V<j)^ > Uy^ + 

■Ib+ 



gn{x,u)ul^4>^ - j f'{u)ul^(p^. 



Bt " JaB+ 



where = B'^f]ni+\ We now sum over j = l,...,n to get (dropping, for short, the 
dependences of B) and we obtain 

- / V < BVUy^,VUy^ > 02 _ <- BV\VyU\^,V4>^ > = 

(3.5) 

/ (7„(x,M)|V,n|V- / nu)\Vyu\Y. 

Jb+ JdB+ 

Now, we make use of (II.IUI) by taking ^ := | VyM|0 (this choice was also performed in [SZ98at 
ISZ98bl [Fi?02l IFSV071 ISVOBj : note that (fTTT^ and (fTTTl) imply ([TTD and so they make it 
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possible to use here such a test function). We thus obtain 

0< / < BV\VyU\,V\VyU\>(j)'^+ < BV(j),V(j)> \VyU\^ + 

JBt 



2 < BV\VyulV(p > \Vyu\^ + gu{x,u)\VyU 

where (13.41) has been used once more. 
This and (13. 5p imply that 



2 J,2 



riu)\Wyu 



(3.6) 



0< / <BV\Vyu\,V\Vyu\>(p'^+<BV(l),V(l)>\Vyu\ 



By using (11.81) and (13. 6p . we are lead to the following inequality 



0< / aix,\Vu\)(P^\\V\Vyu\\^ -^iWuy^l 



(3.7) 



< i3V0, V0 > \Vyu\'^+ 
at{x, |Vm|)</)^ 



|Vu| 



(Vm- V|Vj,m|)2-^(Vm- V 



u 



We denote 



K :=-(a,.|V,M|)2 + ^ 



and =: (Vm- V|V.yU|)2-^(Vu- V 



u 



We have that 

n n 



(3.^ 



+ {VyU ■ Vy\VyU\f " ^^(V.M " V, 



Vj' 1 



where we have just separated the x and y variables. 
Also, from ffTTTjl . 



(3.9) 



VyU 
\VyU\ 



for any smooth function G : M" 
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Hence, making use of (13.91) with G := |Vj/m|, we obtain that, on TZ^^^ 

n 

(V,n- V,|V,n|)2-^(V,^/- V,n 



+ ' 

2 



i=i 



(3.10) 



|Vj,m| 



I Vj;m| 



By a differential geometry formula obtained in [SZQSaj ISZ98b] (see also equation (2.10) 
in |FSV07j ). we have, on 7^!^+^ 

(3.11) = -n, - {iC\Vyu\^ + ivlIVj^mIH. 

As a consequence of (13.81) . (13.101) and (13.111) . we obtain that (13.71) may be written in the 
following form: 

0< /" a(x, |Vu|)(/)'f-K - (/C2|Vj,n|2 + IVlIV^uII')) 

(3.12) +^£(£»!(_ _ |V..nV,|V,a|r^) + 

< i3V0, V0 > \VyU\^. 

We now note that, on TV]^^^ by Cauchy-Schwarz inequality, we have Ti^ > 0. 

This, (I3.12P and assumptions (I1.13p - (ll.l4p complete the proof of Theorem 1 1.1[ ■ 

4. The symmetry result: proof of Theorem 11.21 

As in |FSV07l ISV08] , the strategy for proving Theorem 11.21 is to test the geometric formula 
of Theorem 11.11 against an appropriate capacity-type function to make the left hand side 
vanish. This would give that the curvature of the level sets for fixed a: > vanishes and so 
that these level sets are flat, as desired (for this, the vanishing of the tangential gradient 
term is also useful to take care of the possible plateaus of u, where the level sets are not 
smooth manifold). 

As described in the assumptions of Theorem II. 2[ we will take some structure for the weight 
a{x, |Vm|) (in fact, such assumptions might be further weakened, paying the price of addi- 
tional technicalities in the proofs). 

Some preparation is needed for the proof of Theorem 11.21 Indeed, Theorem 11.21 will follow 

from the subsequent Theorem 14.21 which is valid for any dimension n and without the 

restriction in either (11.191) or (ll.20p . 

We will use the notation X := {y,x) for points in R""*"^. 

Given pi < p2, we also define 

Ai,P2 ■■= {X G s.t. |X| G [pi,P2]}. 

Lemma 4.1. Let R> and h : ^ M 6e a nonnegative measurable function. 
For any p G (0, R), let 

7]{p) := / h. 
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Then, 

R 



I ^dX<2 [ t-'r^{t)dt + 



For the proof of Lemma [4.H see Lemma 10 in |SV08] . 

Theorem 4.2. Let u be as requested in Theorem Assume furthermore that there 

exists Co > 1 in such a way that 



(4.1) 



j ^ (^a{x, |Vm|) + \at{x, |Vm|)| |Vu|)|Vnp < CoR'^ 



for any R> Co- 

Then there exist uj : (0, +oo) and : R x [0, +oo) R such that 

u{y,x) = Uoiuj{x) ■ y,x) 

for any {y, x) E M"^^ . 

Proof. From Lemma 14.11 applied here with 

h{X) := (^a{x, \Vu{X)\) + \at{x, \Vu{X)\)\ |Vu(X)|) |Vn(X)|2 
and (14.11) . we obtain 

'a(x, |Vm(X)|) + \at{x, |Vm(X)|)| \Vu{X)\)\Vu{X)\^ 



(4-2) |X|2 
< Ci \ogR 

for a suitable Ci, as long as R is large enough. 
Now we define 

{logi? ii\X\<VR, 
21og(i?/|X|)) ifv^<|X|<i?, 
if |X| > R 

and we observe that 

(4.3) |V0«| < ^^^p, 
for a suitable C2 > 0. 

From (II. 8p and Cauchy-Schwarz inequality, we have that, for any w G R""*"^, 

(4.4) I < B{x,Vu)w,w > I < |a(x, |Vm|) + \at{x, |Vu|)||Vii|||w|l 
Thus, plugging (p^ inside the geometric inequality of Theorem II. H we obtain 

{logRf [ (a{x,\Vu\)}C^\Vyu\^ + \{y,x)\VL\Vyu\\^ 



< c. 



a(x, |Vm|) + \at{x, |Vn|)||VM|j \VyU 



for large R, thanks to fjT3l) and (|13D- 

By dividing by (logi?)^, employing (14.21) and taking R arbitrarily large, we conclude that /C 
and |Vl|V„m|| vanish identically on TZ^^. 
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Then, the desired result follows by Lemma 2.11 of |FSV07j (applied to the function y v-^ 
u{y, x), for any fixed x > 0). ■ 

We now complete the proof of Theorem ll.2[ We observe that, under the assumptions 
of Theorem 11.21 estimate (14. ip holds, thanks to (12.41) . Consequently, the hypotheses of 
Theorem 11.21 imply the ones of Theorem 14. 2^ from which the claim in Theorem II. 2l follows. ■ 



5. Further comments on assumptions (11.151) . (11.161) and (I1.17P 

Having completed the proof of the main results, in this section we would like to remark 
that assumptions (ll.lSp . (11.160 and (11.170 are quite natural in many cases of interest. 
For instance, we assume in this section that the structural hypotheses on a{x,t) in Theo- 
rem [L2] and the bound in (11.121) hold true. 

For simplicity, we also suppose that u is Cf^^iW^^) (this is the case, for instance, of mean 
curvature type operators or of p— laplace operators if Vm does not vanish). The purpose 
of this section is then to show that conditions (11.150 . (11.160 and p.l7p are satisfied in this 
case. 

Lemma 5.1. We have 

fiix)Ai\Vu\)\VuyfeL\B^) 

for every R> 0. 

Proof. Given |?7| < 1, 7^ 0, we consider the incremental quotient 

u{yi,...,yj + r],...,yn,x)-u{yi,...,yj,...,yn,x) 
Ur^{y,x) := . 

V 

Since / is locally Lipschitz, 

(5.1) [/(«)], < C, 

for some C > 0, due to (frT2|) . 

Analogously, from (II. 4p and (I1.12p . for any R> there exists C/j > such that 



(5.2) [gix,u)],<C^ 



R 



for any x G (0, R). 

Let now ^ be as requested in (11.61) . Then, (11.61) gives that 

/ [^i{x)A{\Vu\)Vu,-V^+ {g{x,u)) - [ [/(n)] £ 

(5.3) =-[ [fi{x)A{\Vu\)Vu-V^^, + g{x,u)^^,]+ f /(w)^. 



= 0. 

We concentrate on the case when (11.221) holds (the case in which (11.231) holds is then an 
easy modification, analogous to the one performed in the proof of Lemma [2.20 . 
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We consider a smooth cutoff function r sucli tliat < r G C^(-B/j+i), witli r = 1 in Br 
and |Vr| < 2. Taking ^ := u^r^ in (15.31) . one gets 



/i(x)^(|V'u|)™^V'U^ ■ Vr 
(5.4) + / ^i{x)A{\Vu\y\Vur,\^ + [ {g{x,u)) 



We remark tliat the above choice of ^ is admissible, since (11.71) follows from (11.121) and (12. ip . 
Now, by Cauchy-Schwarz inequality, we have 

/ /i(a;)^(Vu|)™^Vn^ ■ Vr > / /i(x)^(| VnDr^l VmJ^ 

- ^ / /i(x)^(|V«|)<|Vrp 
for any e > 0. 

Therefore, by choosing e suitably small, (15. 4p reads 



n + l 



< c 



fi{x)A{\Vu\)T^\VUr^\^ 

fi{x)Ai\\/u\)ul+ I \{gix,u)) 

^R+l 



Ur. 



J{\y\<R}>i{^=o} 
for some C > 0. 

From (|rT2il . ([LSD, (EU) and ((521), we thus control 

fi{x)Ai\Vu\y\VuX 
uniformly in rj. 

By sending ^ and using Fatou Lemma, we obtain the desired claim. 
Following is the regularity needed for some subsequent computations. 
Lemma 5.2. Conditions (11.151) . (11.161) and (11.171) are satisfied. 
The proof is omitted, since it is analogous to the one of Lemma 7 in |SV08] . 
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